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Abstract 

In this paper we mainly investigate the Cauchy problem of a three-component Camassa-Holm 
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1 INTRODUCTION 


1 Introduction 


In this paper we consider the Cauchy problem for the following three-component Camassa-Holm equa¬ 
tions with N-peakon solutions: 


Uf — VClx T 2 ^^^ 5 

Vt = 2vbx -f Vxb, 

wt = -vcx + Wxb + ^wbx + ^w(axCx - ac), 


( 1 . 1 ) 


< U d G’xx f 

V — '2 46 “h Clxx^x ^xx^x Scix^ 

W = C Cxx'; 

u\t=o = uo, v\t=o = vo, w\t=0=WQ. 


This system was proposed by Geng and Xue in [26]. It is based on the following spectral problem 
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where u, v, w are three potentials and A is a constant spectral parameter. It was shown in |26j that 
the N-peakon solitons of the system (1.1) have the form 

N 

(1.3) a(t,x)=^a,(t)e-l"-"^(*)l, 

i^O 

5(t,x)=^6.(t)e-2|--^(*)l, 

i^O 

N 

c(t,a:)=^c,(t)e-l"-"-(*)l, 

i=0 

where a,, bi, Ci and Xi evolve according to a dynamical system. Moreover, the author derived inhnitely 
many conservation laws of the system (1.1). By setting a = c = 0 , the system (1.1) reduces to 


(1.4) 


Vt = 2vxhTvhx, V =-{bxx - 4:b). 


Taking advantage of an appropriate scaling u(t, x) = u(|, |), b(t, x) 


—b(t, |), one can deduce that 


(1.5) 


Vt + 2vxb + vbx = 0, V = b — b: 
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1 INTRODUCTION 


which is nothing but the famous Camassa-Holm (CH) equation [31 [15]. The Camassa-Holm equation 
was derived as a model for shallow water waves [ilfTSj. It has been investigated extensively because 
of its great physical significance in the past two decades. The CH equation has a bi-Hamiltonian 
structure mm and is completely integrable mm- The solitary wave solutions of the CH equation 
were considered in [1I5], where the authors showed that the CH equation possesses peakon solutions of 
the form It is worth mentioning that the peakons are solitons and their shape is alike that 

of the travelling water waves of greatest height, arising as solutions to the free-boundary problem for 
incompressible Euler equations over a flat bed (these being the governing equations for water waves), 
cf. the discussions in [S [13 [11132]. Constantin and Strauss verified that the peakon solutions of the 
CH equation are orbitally stable in m- 

The local well-posedness for the CH equation was studied in [13 [II1II3I34]. Concretely, for 
initial profiles bo G with s > |, it was shown in [131111131 that the CH equation has a unique 

solution in C'([0, T); i7®(]R)). Moveover, the local well-posedness for the CH equation in Besov spaces 
C'([0, T)-,Bp j.(M.)) with s > max(|, 1 + ^) was proved in [19]. The global existence of strong solutions 
were established in [3113 HI] under some sign conditions and it was shown in [3 [13 [n [H] that the 
solutions will blow up in finite time when the slope of initial data was bounded by a negative quantity. 
The global weak solutions for the CH equation were studied in [13 and [33. The global conservative 
and dissipative solutions of CH equation were presented in [2] and [3, respectively. 

A natural idea is to extend such study to the multi-component generalized systems. One of the 
most popular generalized systems is the following integrable two-component Camassa-Holm shallow 
water system (2CH) [13 : 

{ mt -I- urrix -f 2uxm -|- appx = 0, 

Pt + {up)x = 0, 

where m = u — Uxx and tr = ±1. Local well-posedness for (2CH) with the initial data in Sobolev spaces 
and in Besov spaces was established in [13, [23 j and [27], respectively. The blow-up phenomena and 
global existence of strong solutions to (2CH) in Sobolev spaces were obtained in [33, [22] and [37] • 
The existence of global weak solutions for (2CH) with cr = I was investigated in [24] . 

The other one is the modified two-component Camassa-Holm system (M2CH) [23 : 


(1.7) 


{ nit + Unix + 2uxm -|- crpp^ = 0 , 
Pt + {up)x = 0, 


where m = u — Uxx, P = (1 “ 9x){p — Po) and cr = ±1. Local well-posedness for (M2CH) with the initial 
data in Sobolev spaces and in Besov spaces was established in [23 and [33 respectively. The blow 
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up phenomena of strong solutions to (M2CH) were presented in [23]. The existence of global weak 
solutions for (M2CH) with cr = 1 was investigated in |5S]. The global conservative and dissipative 
solutions of (M2CH) were studied in [35] and [36], respectively. 

Recently, the authors in [31] studied the local well-posedness and global existence of strong 
solutions to (1.1) under some sign condition. However, the solitons of (1.1) are not strong solutions 
and do not belong to the spaces iJ®(K.), s > |. This fact motivates us to study weak solutions of 
(1.1). The main idea is based on the approximation of the initial data by smooth functions producing 
a sequence of global strong solutions (a”, 6”, c”) of (1.1). This method was first utilized by Constantin 
and Molinet in m- Due that the structure of the system (1.1) is more complex than that of the 
CH equation, we can not obtain the desired result under the same condition mentioned in |16j . In 
order to obtain the existence of global weak solutions of (1.1), we have to assume that the initial data 
(uo,wq) G (L^(R) n T^+'^(IR)), for some e > 0. The main difficulty is to get the uniform boundedness 
of 6”. In order to overcome this difficulty, we make good use of the special structure of the system. 

The paper is organized as follows. In Section 2, we recall some properties about strong solutions of 
(1.1). Moveover, we give some a prior estimates which are crucial to prove our main result. In Section 
3, we introduce the definition of weak solutions to (1.1) and then prove the global existence of weak 
solutions to (1.1). 

2 Preliminaries 

In this section we recall the global existence of strong solutions to (1.1) and some lemmas that will be 
used to prove our main result. 

Lemma 2.1. IMf Assume that vq = 0, (uo,wo) G (iJ^(M))^, and that uq = ao — ao,xx and wq = 
Co ~ are nonnegative. Then the initial value problem (1.1) has a unique solution (u, 0, w) G 
[C(M+; iJ^(M)) nC'^(M+; iJ^(R))]^. Moreover, Hi(t) = f^ac + UxCx and H 2 {t) = f^^uCxdx = — f^wux 
are conservation laws. For every t > 0 we have 

(1) \ax{t,x)\ < a{t,x) and \cx(t,x)\ < c(t,x), Vx G R, 

(2) u{t,x)>0 and w(t,x)>0, Vx G R, 

(3) hxit, •)||l~(r) < ||a(t, < C\\a{t, OH^icr) < Cexp [(4i/i(0) + ^ 2 ( 0 ))!] and 

l|ca;(t, OIIl-cr) < l|c(t, •)IIl“(r) < C'l|c(t, OIIhMr) < Cexp[(4i7i(0)+ i? 2 ( 0 ))t], 

(4) \\b{t, •)||l“(r)i \\bx{t, •)IIl“(R) ^ 'f^i(O) + ^-^^ 2 ( 0 ) + exp [(8iJi(0) + 2 H 2 { 0 ))t]. 
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Lemma 2.2. Assume that tip = 0, (uq, wq) € and that uq = ao — ao,xx cind wq = cq — cq^xx 

are nonnegative. And let (u,0,w) be the corresponding solution to (1.1) as in Lemma \2.1\ Then for 
any t G [0,T], there exists a constant C such that 

m, Ollffi < ^(^^ 1 ( 0 ) + iJ 2 ( 0 )) + Cexp [(8iJi(0) + 2 H 2 mt]- 


Proof. Since = 0, it follows from (1.1) that 46 — bxx = olxxCx — CxxO-x + Sa^^c — ZaCx- Note that 
G 2 * / = (4 — dxx)~^f with G 2 (x) = Applying Young’s inequality, we deduce that 

||6(t, ^ G I \axx^x ^xx^x 4“ ‘HuxC iIaCx\dx 

Jv. 

<G {\u{cx + c)| + \w{ax + a)| + \uc\ + |wa| + 2|aa;c| + 2|aCa;|)dx 
Jr 

<G (|M(ca; + c)| + |w(aa: + a)| + |mc| + |wa|)(ia; ++C'||a||/i-i||c||/i-i. 

Jr 

Thanks to Lemma [2.11 we see that u > 0, w > 0, + a > 0, + c > 0, a > 0, c > 0, which leads to 


\\b{t,-)\\m<C 


[u(Cx + c) + w{ax + a) + UC + wa]dx + C||a||i/i ||c||/i-i 


< C{Hi{0) + H2{0)) + Cexp [(8iLi(0) + 2H2{0))t]. 


□ 


Now we present some LP-estimates of the strong solution to (1.1) where p G [1, 00 ]. 

Lemma 2.3. Assume that uq = 0, {uq, wq) G (iL^(R))^, and that uq = qq — ao^xx 0 ,'nd wg = cq — cg^xx 
are nonnegative and belong to L^(R) nL^“'"^(M) for some e > 0. And let (u,0,w) be the corresponding 
solution of (1.1) as in Lemma, \2.1[ Then for any t G [0,T], there exists a constant Ct such that 

( 2 . 1 ) 

l|a(L OIUhR) = OIUhR) - e*‘^'^||uo||Li(R), ||c(L OIUhR) = OIUmR) - ll^olUqR), 


( 2 . 2 ) 

■)IIli+'=(R) ^ l|■w(L •)I|li+=(R) ^ e*'"^ll'Uo||Li+E(R), ||c(t,') I|li+=(R) ^ ') I|li+®(R) ^ Huo || ^i+e (R). 


Proof. By density argument, we assume that u{t, •) G (^“(R) and w{t, •) G (^“(R). By virtue of (1.1) 
and integration by parts , we have 


(2.3) 


dt 


r+ca r+oo r+co g g 

/ udx = / Utdx = / Uxb + —ubx — —u{axCx — ac)dx 

- —OO J — oo J — oo ^ ^ 

r+°° 13 f 1 3 

J '^ubx — —u{axCx — ac)dx < — ll^®lli°“([o,T)xR) T ~ ®c||^oaqQ 


mim 
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Taking advantage of Lemma 12711 and using the fact that u > 0, we deduce that 


(2.4) 


OIUhk) - II'“oIIli(*) + / C't||m(s, •)||ii(R)ds. 
Jo 


Applying Gronwall’s inequality, we infer that 

(2-5) l|w(t, OIUqR) < ||uo||li(r)- 

Since a{t, x) and u{t, x) are nonnegative, it follows that 


+ CX) 


\LH 


a{t,x) - axx{t,x)dx = / a{t,x)dx = \\a{t, 

-oo —oo 

By the same token, we obtain 

(2-7) l|c(t,-)llLi(R) = lk(^r)llLi(R) < e*‘^'^lko||Ll(R)• 

Now we turn our attention to prove (2.2). If e < oo. By virtue of (1.1) and integration by parts , we 
have 


( 2 . 8 ) 
dt 


f °° u^+^dx = (1 + e) f °° u^utdx = [ °° ul+% + ^ {a^Cx - ac)dx 

J—OO J—OO J—oo ^ " 

1 + 3e 3(1 + e) ^ ^ 

= J —- — U - - - u ^AUxCx - ac)dx 

ri + 3£|| |. 3(1 + £).. 11 1.1 iii-i-g 

< \ 2 —l|Oa:||L°°([0,r)xR) H- 2 -“ ac||L=o([o,T)xR) rl|w|lLi+e(R): 

which along with u > 0 leads to 

(2-9) ^l|w|Ui+qR) < |^^q7^ll^x||L~([Q,T)xR) + -^WaxCx - ac||Loo([o_T)xR)|||M||Li+e(R) 

3 

— 2 (ll^®ll'f^”([OT)xR) + ||«xCx — ac||ioo([o_7’)xR))||'u||Li+e(R). 

Taking advantage of Lemma 12.11 and Gronwall’s inequality, we infer that 
(2-10) ||u(t, •)||j;,l+e(R) < e‘^’^||uo||Ll + e(R). 

If £ = oo, using a similar calculation for any 0 < i5 < oo, and then taking limit as (5 —>■ oo, we obtain 

(2.11) ||M(t, •)||ioo(R) < e“^’^||uo||L=o(R). 

Note that Gi * / = (1 — dxx)~^ f with Gi{x) = Using Young’s inequality, we deduce that 

(2.12) ||a(t, •)||z,l+e(R) = ||Gl * u(t, •)||il + e(R) < ||w(t, •)||il + e(R) < || UQ 11 Lo= (R) . 


6 










3 GLOBAL WEAK SOLUTIONS 


By the same token, we get 

(2-13) ||c(t, •)||il + e(K) < ||w(t, •)||il + e(R) < ||wQ||icx=(R). 


Let us now recall a partial integration result for Bochner spaces. 

Lemma 2.4. Let T > 0. If 

f, geL^{0,T-H\R)) and ^ e l 2(0,T; iJ-i(R)), 

then /, g are a.e. equal to a funetion continuous from [0,T] into L^(R) and 

- {f{s),g{s)) = f {^^^, 5 (T))rfT+ / (^^^^,/(T))dr 
Js dT Js dr 

for all s,t & [OiT"], where (•,•) is the and duality bracket. 


Throughout this paper, let {p„}„>i denote the mollihers 


Pn{x) = (^J P{y)dy^ np{nx), a; € R, n > 1, 


where p € (R) is defined by 

p{x) 


|a;| < 1, 
0, |a:| > 1. 


□ 


3 Global weak solutions 

In this section, we first introduce the definition of weak solutions to (1.1) with u = 0. Note that 
Cl * / = (1 ~ dxx)~^f with Gi(a:) = For smooth solutions of (1.1), we get 

3 3 

(3.1) at = Gi * [uxb + -ubx - -u{axCx - ac)] 

— Uxb T {j^xbx UxCx Sab Saxaefj -\~ * (.dax Sa c SaaxCx') ■ 

By the same token, we obtain 

3 3 

(3.2) ct = Gi* [wxb + -wbx + -w{axCx - ac)] 

— Cxb ~dxGi * {bxCx axCj. -t- 3bc T Saccx) * {hcx 3uc SaxCCx)■ 

For simplicity, we introduce the notation 

(3.3) fi = axbx + alcx + Sab - Saxac, f 2 = bxCx - axcl + Sbc + SacCx, 
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(3.5) 


(3.4) gi = bax + 3a^c + SaUxCx, 32 = bcx — 3ac^ — SuxCCx- 

Then (1.1) can be rewrite in the following hyperbolic type 

o-t = cLxb + ^dxGi * fi + ^Gi * gi, 

Ct = Cxb + ^dxGi * f2 + ^Gi * g2, 

46 bxx — ^xx^x ^xx^x 4“ 3ttCa^, 

a|t=o = Ooj c|t=o = Co- 

Definition 3.1. Assume that (ao,co) S (iJ®(IR))^ with s < |. If {a,c) € [Lj'^^(0,T;iJ®(R))]^ and 
satisfies 

[ [ {a(l)t + axbfj) --Gi * ficfx +-Gi * gi(l})dxdt + ( ao(t){f),x)dx = Q, Vi)) e (^“((-T, T) x M), 

[ [ {c(pt + Cxb(fi - ^Gi * f 2 ifx + ^Gi * g 2 ip)dxdt + [ co(p{0,x)dx = 0, V(p G C^{{-T,T) x R), 

{b{t,x)ijj - b{t,x)ipxx)dx = {dxxCx - CxxCLx + ^cLxC-3aCx){t,x)ijjdx = 0, for a.e. t€[0,r), V'lp G 

JR jR 

then {a^b,c) is called a weak solution to (3.5). Moreover, if {a(t,x),b{t,x),c{t,x)) is a weak solution 
on [0,T) for any T > 0, then it is called a global weak solution to (3.5). 

Our main result can be stated as follow. 

Theorem 3.2. Let (ao,co) G iJ^(M). Moreover uq = ao — ag^xx OLnd wq = cq — cq^xx belong to 
L^(R) nT^“'"'^(R) for some e > 0. Ifuo>0 and wq > 0 a.e. on R, then (3.5) has a global weak solution 
(a, c) S [1T^’°“([0, T) X R) n (^([O, T); L^(R)) 0 0^,(0, T; i7^(R))]^ for arbitrary finite T > 0. Moreover, 
{u,w) G [TJ^^(R+;Li(R)nLi+^^TO^^i2 


Proof. Step 1. Without loss of generality, we assume that e < 00 . Define ag = Pn* ag G iJ°“(R) and 
Cg = Pn * cg G II°° (R.) for n > 1. Then we have 

(3.6) Og —)• flo and Cq —>■ cg in iJ^(R), as n —>• oo. 

Since Ug = Ug — Ogxx = Pn * ug and Wg = Cg — Cg xx = Pn * wg for n > 1, it follows that 

(3.7) Ug ^ Ug and Wg ^ wg in L^(R) O L^''''^(R), as n ^ oo. 

Note that ttg > 0 and Wq > 0. By Lemma 12.11 we obtain that there exists a global strong solu¬ 
tion {u^,0,w^) of (1.1) with the initial data {ug,0,Wg). Moreover {u^,w'^) G [(^([O, cx));i7®(R)) O 
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oo); ^(R)]^ for any s > 3 and > 0, w" = c” — > 0. 

Step 2. For fixed T > 0, by virtue of Lemmas 12.1112.21 we have 


(3.8) l|a”||L~([o,T]xR) < l|a"||L“([o,T]xR) < C'l|a”||_L~(o.T;ffi(R)) < C exp [(4iL"(0) + iLj(0))r], 

(3.9) l|c"|U°°([o,T]xR) < I|c"'||l=o([o,t]xR) < C'l|c"|U°°([o,T];ifi(R)) < C exp [(4iL”(0) + iL^(0))r], 

(3.10) ||6"||l=»([0.t]xR), ||foSllL==([ 0 .T]xR) <i?r(0) + iif2"(0) + exp[(8iLi"(0) + 2iJ"(0))T], 

ll^>"llL=«([ 0 .T];ffMR)) < C{{H^{Q) + HJ^m + exp [(4iLr(0) + H^mT]]. 

where i?"(0) = /g OgC q + and H^iO) = f]g^'Uo'^o,x- Applying Cauchy-Schwarz’s inequality and 

Young’s inequality, we obtain 

(3-11) -^"(0) ^ ll^ollff^R) + Ikoll^qR) < ll«o||/i-i(R) + ||co||//i(R)- 

Since Wq > 0, it follows that 

(3.12) ^ 2 ( 0 ) < l|MolUbK)ll‘^O.a:lli'”(R) - ll“o II(») H'^O IU“ (R) ^ II ^0 || Li (R) || Cq || (R) ■ 

Plugging (3.11)-(3.12) into (3.8)-(3.10), we verify that (a”, c") is uniformly bounded in [L°°(0,T; lFb°“(R))n 
L°°(0,T;iJi(R))]2 and 5" is uniformly bounded in L°^(0,T;W^’°^(R)) fl L^(0,T; H^(R)). By virtue 
of (3.5), we obtain 

(3.13) = + + 

where /f = + 3a"6” - 3a^a^c^ and g'l = h^d^ + 3(a’^)2c’" + Sa^a^c^. 

Since (a",c”) is uniformly bounded in [L°°{0,T-W^’°^(R)) n L°°(0, T; iJi(R))]2, it follows that a)* is 
uniformly bounded in L°°{(0,T) x R) n L^((0,T) x R). Similarly, we deduce that c” is uniformly 
bounded in L°°{{0,T) x R) n L^((0,T) x R). Therefore, it has a subsequence such that 

(3.14) (a”",c”'') ^ (a,c), * weakly in [LF^’°°((0,T) x R) n iL\(0,T) x R)]^ as Uk ^ oo, 

and 


(3.15) {a^Uc"'^) {a,c), a.e. on (0,r)xR, 

for some (a, c) G [LF^’°“((0, T) x R) n T) x R)]^. By virtue of Lemma lOl we see that 

(3.16) l|aSxlli°“(o.r;Li(R) < ||a"''||_ loo(o + ||'u"''||Loo(o.r;Li(R) < 2e’^‘^'^||'Uo||Li(R). 

Differentiating (3.13) with respect to x yields that 

+ a-bZ + iCi * /r - \fZ + ia.Gi * gZ, 
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which along with Young’s inequality leads to ||a"t ||ioo(o^T;Li(R) < Ct- Since T < oo, it follows that 
(3-17) V[a”'“] = ||a"^||Li((o.T)xR) + l|a”t IIli((o,t)xR) < C't, 

where V(/) is the total variation of / G BV{[Q,T\ x R). By Belly’s theorem (See [32]), there exists a 
subsequence, denoted again by a"'', such that 


(3.18) 


rik^oo^ ^ ^ (0,T) X 


where a G BV((0,T) x R) with V(q:) < Ct- From (3.15) we have a"'" 
This enables us to identify a with for a.e. t G (0, T) x R. Therefore 


a:;“ —-a.x in V'((0,T) x 


(3.19) 


rifc-foo 


> Ux, a.e. on (0, T) x 


and V(aa;) < Ct- By the same token, we deduce that 

(3.20) 0 ^*= Cx, a.e. on (0,T)xR. 

Note that G 2 * f = (4 — dxx)~^f with G 2 {x) = By virtue of (3.5), we have 

(3.21) 6" = G 2 * (a”„c^ - dixO-x + 3a”c” - 3a”c”) = G 2 * (a>" - c>" + 2a^c’" - 2a'^c^). 


By (1.1), we deduce that 

(3.22) 

bt — G2 * {o-xt^ ) 4 - G2 * {QxWi CxUi ) + 2G2 * yO-xW ® ^x,t) "b 4G2 * {O-xO ^x) 

= r + IK + ///" + IB". 

Since a”, a", c" and c" are uniformly bounded in L°°((0,T) x M) n L^((0,T) x R), it follows from 


Young’s inequality that 


0 


(3.23) 


||/B"’||ioonj^2 < 2(||a"||iooni2||c"||ioonj^2 + ||c"||z,oonL2||a"||ioonj^2) < Ct- 


We first consider the term By virtue of (3.5), we see that 
(3.24) 

/" = G 2 * Mxb^ + albl + iGi * /r - i/r + \dxG^ * 

- (c^,&- + b-cl + ^Gi * + \dxG 2 * g^)K] 

1 1 1 1 

G i I {^n\2 on i on , kt , Jin , o 

2 * [{O'xxb + ^a-xbx - 2 - -o 6 + - 03,0 c + -Gi * Ji + -Oa;Gi * )r 


^For simplicity, we use the notation || ■ ||£^ooq ^2 instead of || ■ T')xR)nl/2((0 T)xM)' 
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11 1 1 

( jn rji I ^ jn-LTi , { jn\2 ^ rji„n . rn , ^ 

~ \^xx^ + -j^'^x^x + 2^x{<^x) ~ 2° ^ ~ 2^ ^ Cj, + -Gl * /2 +-^OxCx2*g2)U 

= G 2 * [«.c" - c",a")6"] + ^G 2 * K(a>- - c>")] - * [(«”c- - 3a"c")(a>" + c>")] 

+ ica * [(Gi * A" + 9,Gi * g'^)w^] + ^Gz * [(Gi * + dxGi * g^)u^] 

= A" + A" + /J + A + A”. 

Bounds for If. Since (oAc” — cAa") = (aSc" — d^a'^)x, it follows that 

(3.25) A” = 4G2 * [(a^c" - c>Ax6A = 4d,G2 * [(a”c" - c>")6”] - 4G2 * [(a^c" - c^a^b^i 


which together with Young’s inequality leads to \\Ii\\L°°riL^ ^ Gt- 

Bounds for In view of the fact that = 2a"c” — 2a"c” + 46" — 6A: which implies 

that 


(3.26) 


A" = ^G2 * [(2a"c: - 2aSc" + 46" - b^Jb^] 


n\2 


= G2 * [(a"cS - aSc")6A + 5,G2 * (6")^ - -d,G2 * (6^) 


which along with Young’s inequality leads to < Gt- 

Bounds for I^. Thanks to {d^w'^ + c^u") = (a"c" — a^c^)x, we deduce that 

(3.27) 

A" = id,G 2 * [(a^c^ - a"c")2] + 2 G 2 * [a"c"(a^c: - a"c"),] 

= ^ 9 xG 2 * [(a^c^ - a"c") 2 ] - 2 G 2 * [(a"c")AaSc: - a"c")] + 2 d,G 2 * [a"c"(aScS - a"c")], 

which along with Young’s inequality implies that II /3 < Gt- 

Bounds for A and /|*. Since dxxGi * / = Gi * / — /, it follows that 

(3.28) A” = ^G2 * [(Gi * A" + 5 .G 1 * sDc”] - ^G2 * [(Gi * A” + 

= iG2 * [(Gi * A” + 5xGi * ^nc”] - i9xG2 * [(Gi * n + * g^)c^] 

+ Ig 2 * [{dxG, * A" + Gi * - sDc”]. 

Note that /f and g" are bounded in L°°{{0,T) x R) fl L^((0,T) x R). Taking advantage of Young’s 
inequality yields that \\l 4 \\L°°nL^ ^ Gt- By the same token, we have ll/^lliooni^ < Gt- Thus, we show 
that ||/"||L~nL 2 < Gt- Since the estimate for ///" is similar to that of I", we omit the details here. 
Now we turn our attention to estimate the term //". By virtue of (3.5), we have 

(3.29) 

3 3 3 3 

II — G 2 * {a^yw^b + 2 ^ b^ + -w [a^c^ — a c )\ — c^[u^b + b^ —-u [a^c^ — a c )J| 


11 



3 GLOBAL WEAK SOLUTIONS 


2 * [{axW^ - c^ujb \ + -G 2 * [{a^w - c^u )bj + -G 2 * [{w + c^u ){a^c^ - a c }\ 


= //” + //” + IT. 


3 • 


Since = (Sa^c^ - 3a"c" + 46" - 6"J,, it follows 

that 

(3.30) 

III = Ig2 * [(3a"c- - 3a-c" + 46" - 6SJ,6"] 

= ld,G 2 * [(a"c^ - a^c")6"] - * [(a"cS - a-c^m + * {b^f - * (6S,,6"). 


From the above identity, it is sufficient to bound for G 2 * {b'^^^Jf')- Indeed, 


(3.31) G 2 * (6^,6") = a.G2 * (6^6") - G 2 * (6^^”) 

= 5,,G2 * (6^6") - a,G2 * - \d,G2 * (6^)2 

= 4G2 * {b^b-) - bib- - ^d^G2 * {blf. 

By virtue of Young’s inequality, we obtain \\IIi\\L°°nL'^ < Gt- By the similar estimates as for and 
we infer that lld /2 Ijl/g ||ioan ^2 < Gt- From the above argument, we prove that 6" is 

bounded in L°°{{0,T) x R) n G^((0,T) x R). Moreover, there exists a subsequence such that 

(3.32) h-'^^b, =(= weakly in IF^’°“((0, T) x R) n iJ^((0, T) x R) as —>■ 00 , 


and 


(3.33) 


6 "'= 


rife ^00 


> 6, a.e. on (0, T) x R, 


for some b G W^’°°{iO,T) x R) niJi((0,T) x R). 

By virtue of Young’s inequality, we have 

(3.34) 

II^mIIli((o.t)xR) < Wb'^i'ty •)IIli((oY)xR) + llio-xx^l - cl^ol + ^alc- - 3a"c^)||ii((o,T)xR) < Gt. 

By differentiating both sides of (3.22) with respect to x, we obtain that 

(3.35) bll = + 1/^'“ + 7//^'“ + IV-'^. 

Thanks to dxG 2 G for any 1 < p < 00 , one can follows the similar proof as bound for 6" to deduce 
that 

(3.36) 


tx IIli((o.t)xR) < Gt- 
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By the same token as a”*”, we deduce that there exists a subsequence denoted again by 6 "'=, such that 

(3.37) a.e. on (0,T)xM, 

and Y{bx) < Ct- For any fixed t S (0,T), we have /", /^, g”, 8 '^’® uniformly bounded in L°°{R). 

Therefore, there exists a subsequence such that 


(3.38) 

(hit, ■), gi(t, ■), g 2 it, ■)), * weakly in 


as Uk —>■ oo. 


By virtue of (3.19), (3.20) and (3.37), we deduce that (/i,/ 2 , 51 , 52 ) = (/i,/ 2 , 5 i: 32 ) for a.e. t € (0,r). 

Since G'i(x) € T^(R), it follows that 

(3.39) (Gi * Gi * / 2 "^ Gi * 5 ^, Gi * 52 ") (Gi * /i, Gi * /a, Gi * 51 , Gi * 92 ). 

Noticing that (a", 6 ",c") € [G^((0, T); 77°°)]^ is the strong solution of (3.5), we have 

(3.40) 

[ [ - Jgi * /{*'=<)., + ^Gi * g^'‘^)dxdt + [ a^'“</.(0, x)dx = 0, V(^ S Go°“((-T,T) x : 

(3.41) 

f f f2'‘Tx + 7;Gi*g2’’‘p)dxdt+ f CQ'‘(p{0,x)dx = 0, ^(f G C^{{-T,T) x. 

Jo Jr ^ ^ Jr 


/o 

Taking limit as ^ cx) in the above identities, we obtain 

pT 


f [ {a(j)t + axb4> - ^Gi * fi4>x + \Gi * gi(j))dxdt + f aoti'(0, x)dx = 0, V(j) G C^{{-T, T) x R), 

[ [ {c(pt + Cxb(fi - l-Gi * f 2 (px + 7 ;Gi * g 2 T)dxdt + [ coip{0,x)dx = 0, e G“((-T, T) x M). 

Step 3. According to Definition 13.11 it is sufficient to prove that {a,b,c) satisfies that 

/ {b{t, x)i{j - b{t, x)ilixx)dx = / {axxCx - CxxCix + iaxC - 3aCx){t, x)i{jdx = 0, for a.e. t G [0, T), \fip G Gq 

Jr Jr 

By virtue of (3.15), (3.19), (3.20) and (3.33), we deduce that 

(3.42) 

[ {b'^'‘{t,x)'ijj — b^^{t,x)tl}xx)dx f (^b{t,x)tl} — b{t,x)ipxx)dx for a.e. te[0,T), V'0 € G“(IR), 

Jr Jr 

(3.43) 

f {Sa'^'^c^'’ — 3a'^’‘Cx'‘){t,x)tpdx f (^3axC — 3aCx){t,x)tpdx for a.e. tG[0,T), € G“(R). 

Jr Jr 
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For any fixed t G (0, T), taking advantage of Lemma [27^ we have 
(3.44) 

OIIli+e < C'T||'UQ''||ii+e < CtIImqIIli+s, l|w^"''(ir)llLi+‘^ < C'tIIWq'' ||ii+e < CtIIwoIIli+'i 
which along with Young’s inequality lead to 


(3.45) ||a:S(t, •)IIli+^ < Ct, WcTAt, •)IIli+= < Ct- 
Therefore there exists a subsequence, denoted again by (a"^(t, •), c”);(t, •)), such that 

(3.46) ^ {a^x{t,-),Ca:x{t,-)) in L^+%R). 

Since VFf;^^+^(M) it follows that 

(3.47) (a-.(i,.),c"ni,-))^^^(ax(t,-),c.(t,-)) in 


For any ■0 G (K), we have 

(3.48) [ - axxCx)Hx = [ (a”S - axx)cxHx + f <S(c”'' - Cx)ipdx. 

JR JR JR 

Using the fact that ||ca:(t, •)IIl~(r) < liminf„j^_j.oo l|c”'“(t, OIIl^CR) < C't and by virtue of (3.48), we 
deduce that 


(3.49) lim [ {a^x - axx)cx'^dx = 0. 

rifc-J-oo 

Suppose that Supp ijj C [—K,K) with K > 0. Then, we see that 

(3.50) f a”^(c”''-c,,)V'da: = / - Cx)Hx < \K^{t, ■)\\mm)\\Cx'‘ - Cx\\l<->{-k,k) 

JR J-K 

< CtWc^'^ - Cx\\l^{-k,k) ^ 0 as Uk ^ oo. 


Taking the limit as n*, —>• oo in (3.50), we get lim„^^oo JKi^xxd^'° ~ axxCx)4’dx = 0. By the same token 
we have that lim„^^oo Igi'^xx^x'^ — Cxx<^x)'>pdx = 0. Since that T can be taken arbitrarily, we show that 
(a, b, c) is indeed a global weak solution of (3.5) and belongs to [1F^’°°((0, T) x R)]^. 

Step 4. Note that (9ta”''(t, •),9t5”'=(t, •),9tc”''(t, •)) is uniformly bounded in L^(R) for any t G (0,r). 
Hence, the map t >->• •), 5"''“(t, Oi c"'“ (t, •)) G (i7^(R)^) is weakly equicontinuous on [0, T], It fol¬ 

lows from the Arzela-Ascoli theorem that (a"'' {t, •), 6"'“ (t, •), c"'' (t, •)) contains a subsequence, denoted 
again by (a"''(t, •), 6"''(t, •), c"''(t, •)) converges weakly in [iJ^(R)]^ uniformly in t. The limit function 
(a,6,c) G [C'„([0,r);i7i(R))]'- 
By virtue of Fatou’s Lemma, we have 


(3.51) 


•)IIl 5 ?(l 2 (r)) < liminf ||a"''(t, •)IIl^(l 2 (r)) < C't, 
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(3-52) \\ct{t, ||c"''(t, OIU-Cl^W) < C't- 

Taking advantage of Lemmawe see that (a, c) G ^([0, T); L^(R)). □ 

Remark 3.3. By virtue of Lemma \2.1l we have used the conservation law H 2 {t) = fg^uc^dx = 
fgUoCgdx to obtain the desired estimates, which implies that uq at least belongs to L^(R). However, 
the additional condition (uo,wo) G in Theorem \3.‘2\ is technical and unnatural. How to get rid 

of this condition is still an open problem. 

Remark 3.4. In view of an interpolation argument, one can obtain that the solution (a, c) of (3.5) 
belongs to (^([OjT) x M) for arbitrary finite T > 0. 

Remark 3.5. The condition uq > 0 and wq > 0 in Theorem \3.3\ can be replaced by uq and wg don’t 
change sign. One can follow the similar step to get the global existence of weak solution to (3.5). 
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